Abstract. We prove that the inclusion map(X, Y ) → map(K(X), K(Y )) is continuous, where K(X) is the space of non-empty compact subsets of X (also known as the hyperspace of compact subsets of X), and both spaces of maps are endowed with the compact-open topology.
Let K(X) be the space of non-empty compact subsets of X endowed with the Vietoris topology, which in the case when X is a metric space, it is induced by the Hausdorff distance. A subbasis of the Vietoris topology is given by the following subsets:
where {U i } is a finite collection of open subsets of X. Let map(X, Y ) be the set of all continuous maps from X to Y , endowed with the compact-open topology. A subbasis for the compact-open topology in map(X, Y ) is given by the subsets
where K ⊂ X is compact and U ⊂ Y is open (or merely an element of a subbasis of the topology of Y ).
There is a map
that sends a map f to the map φ(f )(K) = f (K). In [Mizokami, 1998] , it was proven that φ is an embedding with closed image when map(K(X), K(Y )) is endowed with the pointwise convergence topology. This, together with the fact that no article citing Mizokami's result proves continuity of φ when both spaces are endowed with the compact-open topology might suggest that φ is not continuous. This is not the case, and therefore the reason of filling this gap in the literature:
Theorem. The map φ is continuous if X is regular.
From Mizokami's result it follows immediately that
Corollary 1. The map φ is an embedding with closed image.
One advantage of the compact-open topology is that it immediately follows that:
Corollary 2. The evaluation map
is continuous. This is a corollary of the theorem above and the fact that the evaluation map
is continuous when the mapping space has the compact-open topology (and this map is not continuous if the mapping space has a topology coarser than the compact-open topology). The author is interested in this corollary as part of the proof in [Cantero, 2014] that the space of embeddings between open subsets of R n continuously transforms closed submanifolds into closed submanifolds, when the space of closed submanifolds is equipped with the Vietoris topology.
The theorem above can be phrased in categorical terms by saying that taking hyperspaces of compact subsets defines an topological endofunctor of the topological category of topological spaces.
Proof. It suffices to prove that for each f ∈ map(X, Y ) and for each subbasic neighbourhood Q of φ(f ), there are subbasic neighbourhoods
By [Michael, 1951, Theorem 2.5 ], a compact subset K of K(X) satisfies that the union K∈K K is compact as well.
Therefore a subbasic open subset of map(K(X), K(Y )) is given by pairs W (K : U i ) with
Let us take such subbasic neighbourhood of φ(f ), and observe that the inverse image of this neighbourhood takes the form
there is an open subset V := V i of X such that its closure V i is contained in U i and for each K ∈ K it holds that K ∩ V i = ∅.
If this were not true, for each such V there would exist a K V ∈ K such that
The open subsets of U whose closure is contained in U are partially ordered by inclusion, hence the assignment V → K V defines a net in K which has a convergent cofinal subnet because K is compact. The limit point K 0 ∈ K of this subnet satisfies that K 0 ∩ V = ∅ for all V ⊂ V ⊂ U i , and since X is regular, the union of the V 's is equal to U . As a consequence, K 0 ∩ U i = ∅, but this contradicts the fact that f (K 0 ) ∩ U i = ∅. Let us choose V i ⊂ U i with the above property. Take now a point p i K ∈ V i ∩ K for each i and K, and define K i to be the closure of {p i K }, which is compact because it is a closed subset of K∈K K (which is itself compact). By construction it holds that f (K i ) ⊂V i ⊂ U i , so f ∈ W (K i : U i ) and also φ(W (K i : U i )) ⊂ {g | g(K) ∩ U i = ∅, ∀K ∈ K} .
As a consequece, the neighbourhood
of f is mapped into the neighbourhood W (K : U i ), and so φ is continuous.
